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Abstract

The inequalities which describe the projection () of a given poly-
tope P onto a subspace are usually generated by an elimination pro-
cedure of Fourier-Motzkin type. In this note we give a dual approach
for the description of (). In fact, the vertices of a dual polytope serve
as indices for the describing inequalities. Moreover we show how the
redundancy of inequalities is connected with the existence of Slater
points in the images of a set-valued mapping.
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1. Introduction. For m, n, p € IN consider an arbitrary function a :
R" — IRP, a (p x m)—matrix B and the set

P ={(z,y) e R"x R"| a(x)+ By >0},

where the inequality is to be understood componentwise. We are interested
in a description of the orthogonal projection m(P) of P onto the first n
variables, i.e. @ = 7(P) C IR". In contrast to the standard procedure of
Fourier-Motzkin type elimination (cf., e.g., [5],[7] and the references therein)
we give a dual description of @) in this note. Unlike the dual approach in [3],
our description of () is explicit up to the determination of certain vertices of
a dual polytope, as it is shown in Theorems [3 and [l Our use of set-valued
mappings enables us to give a sufficient condition for redundancy of certain
vertices in terms of the Slater condition. Moreover, our approach carries
over to the case where P is a polytope and 7 is some arbitrary projection
operator, which we study in Theorem [Ql

2. The dual description. Since P is the graph of the set-valued mapping
r: R —2%" 2+—{yecR™ alx)+By >0},

we have x € Q if and only if I'(x) # 0. Note that the images of I' are
polyhedra. The following assumption is supposed to hold throughout this
note:

Assumption 1 The set-valued mapping I' has bounded images.

For fixed x we now consider the following (primal) optimization problem:

P(z) : max 2 st. a(x)+By > z-e,

where e = (1,...,1)" € IR?, and z is a scalar. Its dual problem is

D(x) : m#in pla(x) st. B'p=0,ep=1 p4>0.

Zp(r) = { (y,2) € R™ x R'| a(z) + By > ze }

and
Zp = {peR|B'u=0,e'p=1,p>0}

denote the feasible sets of P(x) and D(z), respectively. Observe that Zp
neither depends on x nor on y.



Lemma 1 The following assertions hold:

(i) Zp is non-empty and bounded.
(i1) For each & € IR", both P(Z) and D(Z) are solvable.

Proof. In assertion (i), Zp is bounded as a subset of the standard simplex.
Assume that Zp is empty. Then, by the duality theorem of linear program-
ming, for given = € IR" either Zp(Z) is empty or the objective function z of
P(Z) is not bounded from above on Zp(z). As the set Zp(Z) always contains
the point (y, z) = (0, minj<;<, a;(Z)), it is non-empty. Consequently, there is
a sequence (y”, z”) with

a(z) + By > 2"e (1)

and z¥ — 4o00. For some vy € IN and all v > vy we have y* € I'(Z) so
that, without loss of generality, y* — § € I'(Z) by the compactness of I'(Z).
However, then (II) cannot hold for arbitrarily large v € IN. Contradiction.
Assertion (ii) follows from (i) in virtue of the duality theorem. .

Let V' denote the vertex set of Zp, i.e. the set of points in Zp where p of the
active constraints are linearly independent.

Lemma 2 For each & € IR" the following are equivalent:

(i) T'(Z) is non-empty.

() min,ey pla(@) > 0.

Proof. The set I'(Z) is non-empty if and only if there exists a point (y, z) €
Zp(z) with z > 0. As P(z) is solvable by Lemma [Il(ii), the latter holds if
and only if the optimal value of P(Z) is non-negative. The duality theorem
now implies the equivalence of (i) and
in u'a(z) > 0.
min pa(z) 2 0 (2)

By the vertex theorem of linear programming, (2) implies (ii). Since D(z) is
solvable by Lemma [I(ii), assertion (ii) also implies (). o

As we have Q = {z € R"| I'(x) # 0} , the next assertion follows immedi-
ately from Lemma, 2



Theorem 3 For the set Q) = w(P) the following description holds:

Q= N{zeR|pla(x)20}. )

nev

Theorem Bl gives a description of ) by finitely many inequalities, where V'
serves as the finite index set. Observe that the defining functions for the
inequalities are linear combinations of the functions a;, 1 <i <p. In order
to obtain an explicit description of @), a vertex enumeration algorithm can
be applied to the polytope Zp (cf. [I]). A similar description of @ is given
in [4], but there the function a is supposed to be affine linear. Moreover,
our approach via a set-valued mapping gives rise to a sufficient criterion for
redundant constraints, which we investigate in the next section.

3. Redundant constraints. Like in the Fourier-Motzkin elimination pro-
cedure, some of the inequalities corresponding to vertices p € V may be
redundant for the description of (). We will not dwell on a minimal repre-
sentation of @ in this note (cf. [2,[6]), but we only give a sufficient condition
for redundancy in this section.

Definition 4 For given & € IR™ we call § a Slater point of T'(Z) if a(Z) +
By >0 .

Lemma 5 For each € IR" the following are equivalent:

(i) T'(z) possesses a Slater point.
(ii) min,ey p'a(z) > 0.
Proof. The set I'(Z) possesses a Slater point if and only if there exists a

point (y, z) € Zp(z) with z > 0. The equivalence of (i) and (ii) now follows
with the same arguments as in the proof of Lemma 2 °

Lemmas 2] and Bl immediately yield:
Corollary 6 For each x € IR" the following are equivalent:

(1) T'(z) is non-empty and does not possess a Slater point.

(i) min,ey p'a(@) = 0.



Subsequently let the following assumption hold:
Assumption 2 The function a is lower semi-continuous.

For given z € () define the active index set
Vo(@) = {neV]ula@) =0}

If V4(Z) is non-empty, then in a neighborhood of Z the set () coincides with
the set

Qe = ﬂ {zeR"| p'a(z) >0}

neVo(Z)

in view of Assumption 2l In the case when V4(Z) is empty, Z lies in the
topological interior of (). Consequently, at least the vertices € V' which do

not belong to )
Vo= V()
TEQ

are redundant for the description of Q). To be more precise, they are strongly
redundant in the sense that they are not active at any point in @ ([6]). In
view of Lemma [2 and Corollary [6] a point T € () possesses a non-empty
active index set Vy(Z) if and only if I'(Z) is non-empty and does not possess
a Slater point. This proves the following result.

Theorem 7 In the characterization (3) the set V' can be replaced by its
subset

V= UV,
CCEQ
where

Q = {xz € R"| T(z) is non-empty and does not possess a Slater point } .

The following example shows that V may be a proper subset of V.

Example 8
Form =1, n=2, p=3put alx) = (-2} — 23, —321,1)7 and B =
(1,1,=1)T, i.e. we consider

P={(ry)eR ai+a3<y<1, 2, <2y}.
Assumptions[d and[2 are clearly satisfied. After a short calculation we obtain
ZD - { (Aa%_/\vé)Tv )‘E [07%] }

bt



and

so that (3) yields

Q = {zeR (0,1,)a(x)>0, (1,0,1)a(z) >0}
= {reR 2, <2, 1 +23<1}.

Obviously the first inequality, corresponding to the vertex £(0,1,1)T € V'\ v,
is strongly redundant for the description of Q.

4. Arbitrary projection operators. The results of Theorems[Bland [7 hold
particularly in the case where the functions a;(x) = ¢/ o +d;, 1 < i < p,
are affine-linear and P is bounded, i.e. when P is a polytope. Assumptions
[0 and 2] are then clearly satisfied. Moreover, in this case our method works
for any projection operator after a suitable linear change of coordinates. An
endomorphism o : RN — IRY is called projection operator if oo = 0. We
denote by Im ¢ and Ker ¢ the image and the kernel of o, respectively.

Theorem 9 Let o be a projection operator on IRN, and let
P = {uc RY| du+yp >0}
be a polytope with a (p x N)—matriz ® and ¢ € IRP. Then we have:

o(P) = (N{é€mo| p' (®E+¢) >0},

pev

where V' denotes the vertex set of the polytope

Zp = {peR|®"pc (Kero), e'u=1, u>0}.

Proof. Let the columns of the (N x n)—matrix 77 and the columns of
the (N x m)—matrix T, form a basis of Im o and Ker o, respectively. The
columns of T} are eigenvectors of ¢ to the eigenvalue 1, whereas the columns
of T, are eigenvectors to the eigenvalue 0. As IRY = Imo @ Ker o, we have
N = n+m, and the columns of the matrix 7' = (7}, T) form a basis of R".
Hence, o is diagonalizable with ooT" = Tow. Here m possesses the matrix
n 0
0 O
and the (m x m)—zero matrix, respectively.

representation ), where E,, and 0,, denote the (n x n)—identity



Next, it is easily seen that o(P) = T(w(P)), where
P = {ve R"| (®T)v+ ¢ >0}.

P is again a polytope (cf., e.g., [7]), and we can apply Theorem [3 with
T = (U1, Un), Y = (Vni1, e, Unam), a(x) = P11z + ¢, and B = 75, in
order to determine @) x {0} = 7(P). We arrive at

o(P) = T(n(P)) = T(Q) = N{Taz|zeR", p' (®Trz+¢) >0}

pev

- ﬂ{felma|uT(<D§+90)ZO}7

nev

where V denotes the vertex set of
Zp = {pneR|T)® p=0e'p=1p>0}.
This shows the assertion. .

5. Final remarks. An algorithmic implementation of the description for
@ in (@) obviously relies on an efficient vertex enumeration method for the
determination of the vertex set V of the polytope Zp. Here, the reverse
search algorithm of Avis and Fukuda ([I]) can be applied, preferably in a
version adapted to the special structure of Zp.

This implementation as well as a comparision of our dual description method
and Fourier-Motzkin-type methods with respect to efficiency and generation,
respectively detection, of redundant constraints is beyond the scope of this
note and will be subject of future research.
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